Abstract. Real-world networks may exhibit detachment phenomenon determined by the cancelling of previously existing connections. We discuss a tractable extension of Yule model to account for this feature. Analytical results are derived and discussed both asymptotically and for a finite number of links. Comparison with the original model is performed in the supercritical case. The first-order asymptotic tail behavior of the two models is similar but differences arise in the second-order term. We explicitly refer to World Wide Web modeling and we show the agreement of the proposed model on very recent data. However, other possible network applications are also mentioned.
the Yule model, it maintains a relevant role in a variety of applications [7] ; variants of it have been studied in the past [8, 9] and are part of very recent research [10, 11] . The aim of this paper is to study formally the consequences of detachment of inlinks. This is accomplished by considering the Yule model and replacing the linear birth process governing the growth of in-links with a linear birth-death process (following [25] , where the model was first introduced within the context of macroevolution). It turns out that the introduction of the possibility of detachment of in-links in the Yule model still leads to an analytically tractable model and thus still permits to obtain exact results.
In Section 3 we determine the analytical form of the distribution of the number of in-links to a webpage. Our results include the probabilities of any finite number of in-links not being limited to the asymptotic limits, as happens in the literature. In fact, the analysis of the role of the detachment becomes possible for any range of the number of in-links. The availability of the in-links distribution allows us the comparison of its features with those of the World Wide Web in 2012 (Section 5). Further, the moments are calculated explicitly and their expressions are presented in Section 4. In Section 6 we compare the generalized model and the classical Yule model.
Classical model
The construction based on Yule model [5] proceeds as follows. Consider an initial webpage present at time t = 0 with a single in-link. The number of in-links increases proportionally to the number of existing in-links with an in-link rate constant λ > 0. The number of webpages develops independently as a linear birth process of webpage rate constant β > 0.
Let N β (t) and N λ (t) be the counting processes reflecting the number of webpages and of in-links of a given webpage, respectively, observed at time t. The assumption that the process N β (t) starts at time zero with one initial webpage simplifies the notation but has no effects on the asymptotic properties of the results. Recall that the probability distribution P(N λ (t) = n), n ≥ 1, of a linear birth process is geometric [12] ,
In the above formula, as removal of in-links is not permitted, n cannot reach zero.
Referring to the results obtained in [13, 14, 15, 16] , by conditioning on the number of webpages present at time t, we obtain that the random instants at which appearance of new webpages occurs are distributed as the order statistics of independent and identically distributed random variables T with probability distribution function
Let N Y t denote the size of a webpage chosen uniformly at random at time t and call
meaning that the selected webpage was introduced at a random time T with distribution (2). Note that the age t − T of the randomly selected webpage appeared at time T is distributed as a truncated exponential random variable. Hence, using (1) we have
and in the limit for t → ∞ we obtain
Expression (4) is simple to evaluate (see for example [5] ),
Distribution (5) is known as Yule-Simon distribution [17] .
Generalized model: basic properties
As stressed above, we are concerned with the limiting behavior of a stochastic process in which the appearance (observation) of new webpages (each with only one in-link) is controlled by a linear birth process N β (t) of intensity β > 0. Now the evolution of the number of in-links for each webpage is governed by independent (of one another and of N β (t)) linear birth-death processes N λ,µ (t) with birth and death intensities λ > 0 and µ > 0, respectively (see also the description of this model in [25] ). A schematic example of the model can be seen in Fig. 1 . Note how, with that particular choice of the parameters, many webpages may lose all of their links in a short time. However, a few of them develop fast gaining a considerable number of in-links in a relatively short timespan.
To derive the asymptotic properties of the model, we proceed by following the same lines leading to formulae (4) and (5) . To compute the distribution of the number of in-links N of a webpage chosen uniformly at random, we first write the analogue of (3) randomizing by the time T of first appearance of a webpage and then we let t → ∞. Since in this generalized model N can be zero with a positive probability, in the following, we distinguish the case P(N = 0) from P(N = n), n ≥ 1. For the sake of brevity we will omit n ≥ 1 in formulae.
As we are dealing with birth-death processes for the evolution of the number of in-links, we must separate the three cases λ = µ (critical), λ < µ (subcritical), and λ > µ (supercritical) in which the processes behave rather differently (e.g. [12] , Section 8.6).
Critical regime
Let us start with the case λ = µ. Considering that for n ≥ 0,
we have
Exploiting the integral representation of the confluent hypergeometric function (see [18] , Section 13)
and the transformation formula 13.1.29 of [18] , the above expressions can be written as
and Fig. 2(b) shows the probability mass function of N in the specific critical case λ = µ = 1/2. Notice the fast decay of the tail. 
Non-critical regimes
Let us move now to the cases in which the linear birth-death process governing the appearance of in-links is supercritical or subcritical, i.e., λ > µ or λ < µ. For notational purposes let us define the functions (with x, y, b, ν > 0)
where 2 F 1 is the Gauss hypergeometric function and where
By exploiting the integral representation
(see [18] , page 558) considering (6) and after tedious calculations we obtain that in the supercritical case (λ > µ)
and
while in the subcritical case (λ < µ)
The examples of the limiting distribution are depicted in Fig. 2 (a,c). Notably, in the supercritical case a power-law behavior is present, while in the subcritical case the tail of the distribution decays more rapidly. Moreover, if λ < µ, the subcritical character of the process governing the arrival of in-links dominates the dynamics of the whole system and the parameter β plays an almost irrelevant role. Fig. 3 presents two examples of the P(N = 0), as a function of the webpage rate constant β, in the three cases, supercritical, critical, and subcritical. The insets highlight the behaviors of the relative distances between the three curves with respect to different choices of the parameters λ and µ. We retrieve the Yule-Simon distribution (5) for fixed λ > 0 and µ → 0 (classical Yule model) from (12) by recalling that 2 F 1 (a, b; c; 0) = 1. Clearly, in this case
Manipulation of the probabilities is made simple by recalling that Gauss Hypergeometric functions admit a huge varieties of different representations and relations (see e.g. [19] , Sections 9.1, 9.2, [20] , Chapter 60, or [21] , Chapters 13, 15) . For example, when λ > µ and n ≥ 1, by considering the representation 15.2.1 of [21] we have that P(N = n) can be written also as the absolutely convergent series
or by means of generalized Wright functions 2 Ψ 1 as
The representation of the probabilities by means of the power series expansion of the Gauss hypergeometric function provides a simple and efficient means for its computation (see [22] , Section 2.3.1. Similar representations hold for all the other cases λ = µ and λ < µ.
Generalized model: moments
To complete the analysis of the model we calculate the moments of N . In order to derive the expectation E N it is useful to realize that it can be written as
Therefore we immediately have
The above integral converges for µ > λ and, if λ > µ, for β > (λ − µ), otherwise
To derive the variance, we first determine the second moment. By recalling that for the classical linear birth-death process
we calculate the second moment of N as and therefore
The integral giving rise to the above expressions converges if β/(λ − µ) > 2, otherwise
It immediately follows that
Var N = 2(λ/β).
Higher-order moments can be derived from the probability generating function
. This is determined by similar reasoning as before but this time a different special function is involved. In particular the so-called Appell hypergeometric function (see [23] , Chapter 5) will be used,
Let G(u, t) be the probability generating function of the linear birth-death process N λ,µ (t). The probability generating function of N can be determined by using G(u) = ∞ 0 βe −βt G(u, t) dt, and (19) . After some computations, for λ > µ > 0, we get where
For the subcritical case, i.e. when λ < µ, we obtain
The critical case λ = µ is simpler to cope with and results in a form which involves a difference of confluent hypergeometric functions. In particular we have
Comparison with real data
As it is well known, data from World Wide Web show a scale free behavior. The proposed generalized model exhibits this feature in the supercritical regime. Having the complete distribution of in-links we are able to compare our model predictions against real data. The most recent available data on in-links of World Wide Web we found were collected in 2012 (Web Data Commons, University of Manheim ‡). In Fig. 4 we show the excellent performance of the proposed model with respect to these data. Note the goodness of fit also in the case of a few in-links. Furthermore, let us stress that most of the probability concentrates on points corresponding to a very few in-links (the cumulative distribution function at n = 20 is already 0.9) and this tells us that it is essential to derive closed form representations for these probabilities.
Generalized model: effect of link removal
In the previous sections we presented a generalization of Yule model characterized by the introduction of the possibility of link detachment. This resulting model is more complex and one may wonder about the necessity of this added complexity. In the supercritical case, an intuition could suggest to replace the proposed model with a simple Yule model characterized by a decreased intensity δ = λ − µ for the links generation. We show here that this intuition is misleading. The most evident difference is that only in the proposed model the event {N = 0} has a positive probability. A further evidence is highlighted by reparametrizing formula (12) for n ≥ 1 setting δ = λ − µ, λ = µ + δ, resulting in
which can be written as
The last step comes from formula (1.3) of [24] . Note that the first factor of (23) coincides with the analogous probability for the Yule model of parameter δ. However, the second and third factors depend both on δ and µ. The same feature characterizes the variance (17) while the mean (16) depends only on δ. Figs. 5 and 6 show the shape of the distribution of N for different values of the death intensity µ. We can see in Fig. 5 how the initial part of the distribution, as µ becomes larger and larger, is more and more distant from a pure power-law behavior. An interesting property concerns the asymptotics of P(N = n) for large values of n, i.e. the tail of the distribution. To investigate this aspect let us consider the asymptotics of the ratio
where P(N Y = n) represents the probability of interest, (5), for a classical Yule model of parameters (β, δ). When n is large we have (see [20] , formulae 60:9:3, page 605, and 48:6:1, page 474)
The reader should realize that the first order asymptotics of the distribution of N and N Y are characterized by the same power-law exponent. However, it holds δ µ + δ The asymptotics of P(N = n) can be exploited to estimate the value of β/δ and µ/δ. Indeed, using exact asymptotics of hypergeometric functions, we consider the dominant term of P(N = n) as
(see also [25] for a different derivation). Taking the logarithm and setting y = log n we get
An estimate of the slope and intercept of the straight-line in (24) allows the estimation of β/δ and µ/δ. Hence, from data a possible non-zero value of µ can be detected. Similarly, statistical test on the intercept and the constant term of the regression equation can be performed with classical regression methods, determining the p-value of the considered tests. These test can then be adapted to perform test on µ/δ and β/δ. We do not detail further this fact because other statistical features could be investigated and this will be the subject of a future work. Another possibility to obtain from data information on the value of the death intensity µ would be for example by means of the behavior of the distribution of N for small values of n.
Discussion
Traditional models disregard the detachment phenomenon but it may play a relevant role in network dynamics. As it is remarked in [26] , the observed growth of the World Wide Web measured as the number of connected webpages in time is exponential. This suggests that the assumption of the Yule process for the appearing of new webpages is reasonable. However, the original model assumes that the in-links exist forever. To avoid this hypothesis we generalized the model by using linear birth-death processes in substitution of classical birth processes for in-links dynamics. The proposed model admits the presence of lost webpages, that is of webpages with zero in-links. The growth of the number of in-links per webpage is due to a linear birth phenomenon and therefore webpages with zero in-links are lost forever. This feature of the model may be questionable and further modifications can be proposed.
The introduction of removal was already considered in models motivated by different applications [10, 11, 25, 27, 28, 29] but here we obtain closed form results not yet appeared in the literature. In [10, 11] , the framework is that of macroevolutionary dynamics. Two different models are described and analyzed: the SEO model (speciationextinction-origination model) and the BDM model (birth-death-mutation model) also studied in [27] . However, the microscopic dynamics of our model is different from all these models. In the SEO model, the origination rate for new families (new genera) is proportional to the number of species already present in the system while the BDM model is a discrete-time generalization of the Yule-Simon model allowing for deaths. The model discussed in [28] considers an origination rate for families which depends upon the number of species already present. Although an analytical treatment is performed, the overall behavior of the model is evaluated trough Monte-Carlo simulations.
The framework of [29] is that of network growth. The model introduced and analyzed is a generalization of the Barabási-Albert model in which removal of links is permitted. The model implements the usual preferential attachment for the link addition while an anti-preferential detachment is used for the link removal. The analysis is then performed by means of mean-field theory. Other papers studied growth models allowing also negative fluctuations [30, 31, 32] . These are works considering growth models with continuous state-space. They are considerably different from our work in the motivations, in the implemented models and also in the mathematical treatment.
Finally, in the model treated in [25] (see also the references therein) the process governing the origination of new families is independent of that describing the growth of the number of species per family. Despite the different motivations and framework, the model considered in that paper coincides with that shown in the present paper. However, while [25] implements numerical and asymptotic methods, we arrive at closed form analytical results.
We explicitely underline that differently from the Barabási-Albert model, the Yule model disregards out-links. Their introduction would request further hypotheses on the model that are not necessary when the focus is on the popularity of a webpage, a quantity of interest for many applications.
The results obtained in the present paper are rather general and therefore relevant to many different fields. Nonetheless, we wanted to stress the fact that network growth models allowing fluctuations in the number of in-links can be successfully modeled by Figure 5 . The probability distribution P(N = n), n ≥ 1, for different values of removal rate µ (note that µ = 0 corresponds to Yule model) and β = δ = 1. Note that, with the choice β = δ, the tail behavior for different values of µ can be compared more easily (see also Fig. 6 for an example of β = δ). In the inset (solid line) the theoretical distribution P(N = n) for µ = 80, δ = 1, and (dashed line) its asymptotic behavior. Figure 6 . The probability distribution P(N = n), n ≥ 1, for different values of µ and (β, δ) = (10, 1). Notice that, since δ = 1, the underlying behavior is supercritical but λ increases together with µ.
means of suitable generalizations of the Yule model.
Concluding remarks
The main advantage of the investigated model lies in its mathematically tractability. We are able to present closed form expressions for the limiting distribution of the number of in-links per webpage. Its tail behavior is also analytically determined. The use of these formulae permits to recognize features not exhibited by the classical Yule model and to reproduce the observed behavior of in-links of World Wide Web. The main difference with the classical Yule model is that it did not allow the extinction of the in-links to a specific webpage. The presence of a non zero probability for {N = 0} implies a decrease of the probabilities of {N = n}, n ≥ 1, and the probability of having a positive number of in-links is strictly smaller than the analogous quantity of the Yule model. This is also well illustrated by the fact that for the classical model always holds E N Y > 1 while this is not valid in the current version of the model. The comparison of the classical and generalized versions has been performed in the supercritical case, i.e. in the most relevant instance. The first-order tail behavior of the two models is similar but with a different proportionality coefficient. Differences arise in the second-order term. This is our first attempt to deal with the detachment issue and more realistic models can be considered. Growth phenomena admitting saturation or with more general nonlinear evolution rates are possible extensions. For example, a different situation arises if for a lost webpage there is a (possibly very small) probability of reobtaining an in-link. This circumstance would correspond to a birth-death process with immigration governing the increase of the number of in-links. Similarly, detachment can happen with higher probability when the number of in-links is low. A model with removal of webpages in spite of existing in-links was considered in [33] and could imply a variant of the studied model.
We finally underline that our study is motivated by Web applications but scale-free networks are of interest in a variety of different contexts. Power-laws are the common feature of these models [34, 35, 36, 37] . Social networks, macroevolutionary trees, scientific collaborations, words occurrences, neural networks, are some of examples of networks studied in the literature [4, 10, 11, 25, 28, 38, 39, 40] .
